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Abstract
A previous calculation on the tachyon state arising as fluctuations
of a D brane in vacuum string field theory is extended to include the
vector state. We use the boundary conformal field theory approach of
Rastelli, Sen and Zwiebach to construct a vector state. It is shown that
the vector field satisfies the linearized equations of motion provided the
two conditions k2 = 0 and kµAµ = 0 are satisfied. Earlier calculations
using Fock space techniques by Hata and Kawano have found massless
vector states that are not necessarily transverse.
1 Introduction
After the significant progress in understanding of the tachyon condensation
in open string theory, Rastelli, Sen and Zwiebach proposed the so called
Vacuum String Field Theory (VSFT) as a candidate for the theory of open
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string dynamics around the tachyon vacuum [2]. Regarded as a significant
step toward solving Witten’s open string field theory [1], for the last one year
it has been intensively studied [3, 4, 5, 6, 8, 10]. Being constructed solely of
world-sheet ghost fields, the kinetic operator Q in VSFT is non-dynamical
[14]. The exact relation between Open String Field Theory (OSFT) and
VSFT is not completely clear but there are significant developments in this
direction [6, 7, 9, 15]. An important step toward a deeper understanding of
VSFT is the study of the fluctuation modes around a classical solution to
the VSFT called the sliver, and the proof that the known physical spectrum
of D-branes can be reproduced. The work in this direction was initiated by
Hata and Kawano who proposed a Fock space construction of the tachyon and
vector states around the tachyon vacuum [12, 13]. In a very interesting paper
[11] Rastelli, Sen and Zwiebach re-investigated the Hata-Kawano tachyon
state using boundary conformal field theory (BCFT) and pointed out to the
difficulties in the computation of the D25-brane tension. In our previuos
paper [16] we reinvestigated the tachyon state in boundary conformal field
theory language and showed that the BPZ inner product between slivers must
be treated carefully. We proposed a consistent prescription for calculating
both the star product of two slivers and their BPZ product and showed that
the tachyon state satisfies the linearized equations of motion in the strong
sense as well as in weak sense.
In [12] a proposal for vector state has been also given in framework of Fock
space formalism. The authors of [12] found the correct on-shell conditions
for the vector field on the brane, but they fail to find the transversality
condition and the polarization vector is arbitrary rather than satisfying the
transversality condition. It was pointed out in [9] that within this framework
it would be a hard task to impose transversality condition on the vector or
tensor massless fields. In this short note we propose a vector state in analogy
to the tachyon state by making use of BCFT approach. To find the on-shell
conditions for the vector field |V 〉 we follow the procedure used in [11] and
[16] for the tachyon field |χT 〉. By making use of BCFT prescription we
are able to find the correct on-shell conditions for the vector field and more
importantly, its transversality.
2
2 BCFT construction of the vector state
The open string field theory (OSFT) action proposed by Witten is given by
[1]
S = −κ
{
1
2
〈Ψ|Q |Ψ〉+
1
3
〈Ψ|Ψ ⋆Ψ〉
}
, (1)
where |Ψ〉 is the string field represented by a ghost number one state in
the matter-ghost BCFT, 〈·|·〉 represents the BPZ inner product and ⋆ is the
string star multiplication. In (1) Q is the ordinary BRST charge made up
from energy-momentum tensors for matter and ghost sectors, Tmatter and
Tghost, and the ghost as well. The equations of motion following from (1) are
Q|Ψ〉+ |Ψ ⋆Ψ〉 = 0. (2)
After the open string tachyon condensation, the theory must represent closed
string vacuum and there should be no open string perturbative excitations.
VSFT is proposed to describe the dynamics around the tachyon vacuum and
its kinetic operator Q must have trivial cohomology. The action for VSFT
is given by
S = −κ
{
1
2
〈Ψ|Q|Ψ〉+
1
3
〈Ψ|Ψ ⋆Ψ〉
}
, (3)
where Q is a new BRST operator of ghost number one and made of ghost
fields:
Q = c0 +
∑
n≥1
fn[cn + (−1)
nc†n] (4)
where fn are some numerical coefficients. Since Q has this special form, the
solutions are factorized as follows
|Ψ〉 = |Ψg〉 ⊗ |Ψm〉, (5)
where |Ψm〉 and |Ψg〉 are the matter and ghost part respectively. The equa-
tions of motion then take the following form
Q|Ψg〉 = |Ψg ⋆Ψg〉
|Ψm〉 = |Ψm ⋆Ψm〉. (6)
3
The ghost part is taken to be universal, but |Ψm〉 is a solution of projector
equation and represents a particular brane. This interpretation follows from
the fact that with Q constructed purely of ghost fields, it has trivial cohomol-
ogy and hence solutions to VSFT contain no perturbative open string states,
but may describe non-perturbative states such as the D-branes. The prop-
erties and the solutions to VSFT have been discussed by Rastelli, Sen and
Zwiebach in several papers [2, 3, 10, 14]. The approach using the so called
surface states turn out to be very useful since one can represent the BPZ in-
ner product and the star product by simple geometric operations and using
BCFT. The solution to the matter part of the equations of motion describing
a D25-brane, called a sliver, is defined through the relation [10, 14]
〈Ξm|Φ〉 = lim
n→∞
N〈f ◦ Φ(0)〉Cn , (7)
where Cn is a semi infinite cylinder of circumference
nπ
2
obtained by making
the identification ℜ z ≃ ℜ z + nπ
2
in the upper half z plane. The map f is
given by f(z) = tan−1z, |Φ〉 is an arbitrary state in the matter Hilbert space
and 〈. . . 〉Cn denotes the correlation function of the matter BCFT on the semi
infinite cylinder Cn. In the limit n → ∞, Cn approaches the upper half z
plane. The sliver state is normalized so that
〈Ξm|Ξm〉 = KV
(26), (V (26) = (2π)26δ26(0)) (8)
where V (26) is the volume of 26-dimensional spacetime and K is a normal-
ization constant that arises due to anomaly in the matter sector.
The tachyon state can be written in the form [12, 11, 16]
|Ψg〉 ⊗ |χT (k)〉 (9)
where |Ψg〉 is the same state for all brane solutions and |χT (k)〉 is the matter
part defined as
〈χT (k)|Ψ〉 = N lim
n→∞
n2k
2
〈eik.X(
npi
4
)f ◦Ψ(0)〉Cn (10)
for any state |Ψ〉 in the Hilbert space of states of the string field3. It has
been shown that the state |χT 〉 satisfies the linearized equations of motion in
weak sense [11] and in strong sense as well [16].
3For more detais about the general construction see [10, 14].
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We propose the following form of the vector state on D25-brane
〈V (k)|Ψ〉 = N lim
n→∞
n2(k
2+1)〈Aµ∂tX
µ(
nπ
4
)eik.X(
npi
4
)f ◦Ψ(0)〉Cn (11)
i.e. we insert a vector vertex operator in the middle of the wedge state,
diametrically opposite to the puncture at the origin, and in the limit n→∞
the wedge state approaches the sliver. The subscript in ∂t is for tangential
derivative to the boundary. The normalization factors are chosen in such a
way that the BPZ product with Fock states is nonvanishing. As we mentioned
above, BPZ inner product and ⋆-product of two slivers can be constructed
by cutting and gluing cylinders Cn and Cn′ as prescribed in [10, 14]. The
expression for f ◦Ψ can be expanded as
f ◦Ψ(0) = aΨ
[
e−ik.X(0)
]
+
[
ζν∂tX
ν(0)e−ik.X(0)
]
+ · · · (12)
where square brackets denote the conformal blocks of primary operators. The
different conformal blocks in (12) are orthogonal to each other. With these
definitions we can calculate (11) following the procedures outlined in [11, 16].
3 The linearized equations and transversality
In this section we will show that the state defined in (11) has the correct
on-shell condition for massless vector field and, in addition, it is transverse.
Using the equation (12) we can write (11) as
〈V (k)|Ψ〉 = lim
n→∞
NaΨn
2(k2+1)
{
Aµ(k)〈∂X
µeik.X(
npi
4
) e−ik.X(0)〉Cn
+ ζν(−k)Aµ(k)〈∂X
µeik.X(
npi
4
) ∂Xνe−ik.X(0)〉Cn
}
(13)
where we take into account only the primary operators for the first two
conformal blocks, terms containing ∂Xµ hereafter should be understood as
∂tX
µ and the argument will always be that of the exponent following ∂X .
As argued in [10], the descendents and the higher conformal blocks are more
suppressed in n→∞ limit and therefore their contributions vanish.
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The second term in the curly brackets in (13) is
lim
n→∞
NaΨn
2(k2+1)ζν(−k)Aµ(k)〈∂X
µeik.X(
npi
4
)∂Xν(0)e−ik.X(0)〉Cn
= lim
n→∞
[
NaΨn
2(k2+1)
(
4
n
)2(k2+1)
ζν(−k)Aµ(k)
〈∂Xµ(−1)eik.X(−1)∂Xν(0)e−ik.X(0)〉D
]
(2π)26δ(0)
= −NaΨAµζνη
µν22k
2+3 V (26)
(14)
where the second equality is found after mapping Cn to unit disk and com-
puting the correlations functions on the disk from the BCFT.
The first term in (11) can be evaluated in the same way and we find
lim
n→∞
NaΨn
2(k2+1)Aµ(k)〈∂X
µeik.X(
npi
4
)e−ik.X(0)〉Cn
= lim
n→∞
[
NaΨn
2(k2+1)
(
4
n
)(2k2+1)
iAµ(k)〈∂X
µ(−1)eik.X(−1)e−ik.X(0)〉D
]
= lim
n→∞
NaΨnAµk
µcotan(
π
2
)2(2k
2+1)(2π)26δ(0) = 0.
(15)
and therefore there is no contribution from this conformal block.
We are now in a position to prove that the vector state |V 〉 (11) satisfies
the linearized equations of motion. To do so we have to calculate the quantity
〈V ⋆ Ξ + Ξ ⋆ V |Ψ〉 for arbitrary |Ψ〉. According to [10, 11, 16] we have
〈Ξ ⋆ V + V ⋆ Ξ|Ψ〉 = lim
n→∞
NaΨn
2(k2+1)
{
Aµ
[
〈∂Xµeik.X(
npi
4
) e−ik.X(0)〉C2n−1
〈∂Xµeik.X(
(3n−2)pi
4
) e−ik.X(0)〉C2n−1
]
+ Aµζν
[
〈∂Xµeik.X(
npi
4
) ∂Xνe−ik.X(0)〉C2n−1
+ 〈∂Xµeik.X(
(3n−2)pi
4
) ∂Xνe−ik.X(0)〉C2n−1
]}
(16)
where, according to the rules outlined in [16], in the star product we take the
semi infinite cylinders representing |V 〉 and |Ξ〉 to be of equal circumference
6
nπ/2. After mapping to unit disk D we find
〈Ξ ⋆ V + V ⋆ Ξ|Ψ〉 = lim
n→∞
NaΨn
2(k2+1)
{
Aµ
[
〈∂Xµeik.X(i)e−ik.X(0)〉D
+ 〈∂Xµeik.X(−i)e−ik.X(0)〉D
]
+ Aµζν
[
〈∂Xµeik.X(i) ∂Xνe−ik.X(0)〉D
+ 〈∂Xµeik.X(−i) ∂Xνe−ik.X(0)〉D
]}
V (26)
=− 2NaΨ [η
µν + kµkν ] ζµAµ2
k2+2 V (26)
=−NaΨ [η
µν + kµkν ] ζµAµ2
k2+3 V (26). (17)
where the correlation functions in the first square brackets cancel each other
and the evaluation of the correlators in the second brackets gives the final
result. But from (14) and (15) we have
〈V |Ψ〉 = −NaΨζνAµη
µν22k
2+3V (26). (18)
The expression (18) is equal to (17) if
k2 = 0 (19)
and
kµAµ = 0 (20)
for any Fock state |Ψ〉 and thus the equations of motion give the correct
on-shell conditions for the massless vector field Aµ. We point out that along
with k2 = 0 we found that the vector field Aµ is transverse which the authors
of [12] failed to find using oscilator approach.
To obtain the kinetic term for Aµ in the action we must first check that the
vector state |V 〉 satisfies the linearized equations of motion against another
sliver (which was a problem in [10] but a resolution was proposed in [16]).
According to the general procedure developed in [10], we have
〈V ⋆ Ξ|χ〉 = lim
ni→∞
n2k
′2
1 n
2(k2+1)
2 Aµ ×
〈∂Xµeik.X[(2n2+n3+n1−4)π/4]eik
′.X(0)〉Cn1+n2+n3−3. (21)
To compute (21) we follow the procedure outlined in [16] and first map the
first strip to a strip of length π/2. The length of the other two strips become
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n˜2 =
n2
n1−1
and n˜3 =
n3
n1−1
, and we define also ǫ1 =
1
n1−1
. Since we have the
star product 〈V ⋆ Ξ|, we take n˜2 = n˜3 = n˜. A simple computation yields
〈V ⋆ Ξ|χ〉 = lim
n1,n˜→∞
n˜iAµ2
k′2+k2+1〈∂Xµeik.X(3π/2)eik
′.X(0)〉D
=− lim
n˜→∞
n˜ikµAµ2
k2+1V (26) (22)
and taking into account that the result for 〈Ξ ⋆ V |χ〉 is the same but with
opposite sign, we find
〈Ξ ⋆ V + V ⋆ Ξ|χ〉 = 0. (23)
Analogous calculations yield
〈V ⋆ Ξ + Ξ ⋆ V |V 〉 = −(ηµν + kµkν)AµAν2
k2+3V (26) (24)
and
〈V |χ〉 = limnkµAµ2
2(k2+1)cotan(
π
2
)V (26) = 0, (25)
〈V |V 〉 = −ηµνAµAν2
2k2+3V (26). (26)
Comparing (23-26) we conclude that the linearized equations of motion are
satisfied also against slivers under conditions (19) and (20).
To compute the kinetic term in the action (3), we define the off-shell
tachyon field T (k) and vector field Aµ(k) in the momentum space in the
following way
|Ψ〉 = |Ψg〉 ⊗
[
|Ξm〉
+
∫
d26k
(
n−k
2
T (k)|χT (k)〉+ n
−k2−1Aµ(k)|V
µ(k)〉+ . . .
)]
(27)
where ellipses denote of higher order excitations. Substitution of (27) into
(3) gives for the quadratic part in Aµ
S(2) =−
1
2
〈Ψg|Q|Ψg〉
∫
d26k1d
26k2Aµ(k1)Aν(k2)n
−k21−1
1 n
−k21−1
2
〈V µ(k1)| [V
ν(k2)〉 − |Ξm ⋆ V
ν(k2)〉 − |V
ν(k2) ⋆ Ξ〉] . (28)
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The BPZ products in the above expression are readily computed in (21- 26)
and we have simply to substitute their values into (28). Then for the kinetic
term we get
S(2) = −
1
2
〈Ψg|Q|Ψg〉
∫
d26k1 d
26k1 n
−k21−1
1 n
−k22−1
2 Aµ(k1)Aν(k2)
[〈V µ(k1)|V
ν(k2)〉 − 〈V
µ(k1)|Ξm ⋆ V
ν(k2)〉 − 〈V
µ(k1)|V
ν(k2) ⋆ Ξ〉]
≃ −
1
2
〈Ψg|Q|Ψg〉
∫
d26k1 d
26k2 n
−k21−1
1 n
−k22−1
2 k
2
1 Aµ(k1)Aν(k2){
ηµν 22k
2
1+3 − (ηµν − kµ1k
µ
2 )2
k21+3
}
δ(k1 + k2)
≃ −
〈Ψg|Q|Ψg〉
2
23 ln2
∫
d26k(k2ηµν −
kµkν
ln 2
)Aµ(k)Aν(−k) (29)
where in the second equality we take the vector field near on-shell and in the
third step we used the procedure outlined in [16] to calculate the correlation
function keeping terms quadratic in kµ. It is clear from (29) that the expected
action for the vector field onD25-brane reproduced from VSFT. From (29) we
conclude that the proposed vector state gives the correct on-shell conditions
and, though Aµ is transverse, the correct action for a massless vector field.
Due to the twist symmetry of the VSFT action, the interaction part will
contain only terms linear in χT and quadratic in V and they can be easily
calculated using the above technique. For this terms we find in coordinate
space
S(2) ∼ 3
∫
d26xTAµA
µ + 2
∫
d26x [∂µ∂νTA
µAν − ∂µT∂νA
µAν + T∂νA
µ∂µA
ν ]
(30)
where, as in the case of tachyon interaction term, the multiplicative constant
is infinite.
4 Conclusions
In this note we have proposed a vector state around the classical solution of
VSFT representing a D25-brane. A careful analysis shows that the proposed
state satisfies the linearized equations of motion with the correct on-shell
conditions for a massless vector field Aµ. We also find the transversality con-
dition on Aµ, a property that seems difficult to demonstrate in the oscilator
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approach (see [12, 13]). Due to the twist symmetry, the interaction term
must contain two vector field and one tachyon and we found it to be of the
form (30). Terms with two tachyons and one vector field do not appear. This
is because the twist operation Ω, i.e a combined world-sheet parity reversal
plus SL(2, R) transformations, is a symmetry of the OSFT and VSFT as
well 4. Under the action of Ω the massless vector field Aµ is odd and changes
sign while the tachyon field, being even, remains unchanged. For instance,
one can easily compute T (k1) T (k1)Aµ(k3) term:
〈χ|χ ⋆ V 〉 = lim
ni→∞
N n
2k21
1 n
2k22
2 n
2(k23+1)
3 Aµ(k3)
〈eik1.X(0)eik2.X[(n1+n2−2)π/4]∂Xµeik3.X[(n1+2n2+n3−4)π/4]〉Cn1+n2+n3−3.
(31)
To compute (31), we perform the following steps
a) map the first strip to [−π/4, π/4].
b) change the variable w = ei4π/(2n+ǫ1−3) to map to unit disk 5.
c) take n and n1 large and compute the correlator.
We end up with:
〈χ|χ ⋆ V 〉 = lim
n,n1→∞
N nk
2
2+k
2
3−k
2
1 2k
2
1+k
2
2+k
2
3Aµ(k3)
〈eik1.X(e
0) eik2.X(e
2ipi/2) ∂Xµeik3.X(e
3ipi/2)〉D
∼ i (k2 − k1)
µAµ(k3)2
k21−1(2π)26δ(k1 + k2 + k3) (32)
which is what is expected for this coupling.6 It would be interseting to in-
vestigate the fluctuation modes around the other D-brane solutions of VSFT
and coincident D-branes as well. We hope to report on these issues in the
near future.
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5Here n = n2
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= n3
n1−1
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1
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6See for instance [19].
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